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One of the most exciting findings in recent scientific research is that many complex interactive systems possess a
surprising structural and functional property: the emergence
O f scale-free small-world networks (SFNs) of the building
blocks. Such SFNs may be found in distinct fields ranging
from metabolic reaction chains to social relation systems (see,
e.g. [I31 and references therein). One may find SFNs in
neurobiology as well. For example, the completely mapped
neural network Of the nematode worm c' elegans [I4] is
considered to form a small-world network [ 151. Intriguingly,
most systems featuring scale-free small world interactions, are
considered selective or evolutionary systems. An outstanding
I. INTRODUCTION
example is the Internet, which displays this network structure
In the last few years spike-timing dependent synaptic plas- at the hardware level of servers and also at the level of web
ticity (STDP) (see e.g. [I],[2] and references therein), which pages [16], [17], [ I S ] . This fascinating self-organizing system
is an extension of the classical Hebbian learning mechanism, has inspired several studies and models. The original model
has been the subject of intensive research. It is broadly of the the World Wide Web (www) by Watts and Strogatz
accepted in the machine learning literature [3], [4], [5] and [I91 explored random restructuring of the links among a finite
is strongly supported in neuronal modelling [6], [7] that spike number of 'nodes'. Barabisi and his colleagues introduced
based encoding can be efficient in compression, allows for the concept of preferential attachnient to model the WWW
sparse representation, low energy consumption and that it can [ZO], [16]. The idea has been extended to other types of
be robust against noise. The last property seems to be indis- networks [I71 and the focus has been put on the search
pensable knowing the stochastic behavior of the neurons and of general mechanisms underlying the development of these
of the external environment. But if noise should be suppressed, distinct connection systems.
how come that a great part of the signals propagating through
In the following, we examine what network structures may
several brain regions experienced in different species (ranging emerge in a simplistic neural system fed by noise and subject
from frogs to primates) is considered to be internally generated to STDp-type Hebbian learning. In what follows, such noise
noise [8], [91? What can be the reason for counteracting driven Hebbian networks will be called NDH nets for short.
the perfect information processing and transmission? One We shall find that under certain conditions, the NDH network
possible role of noise in the nervous system is provided by the searches the input space uniformly on every scale for novel
recognition that noise can enhance the response of nonlinear information.
systems to weak signals, via a mechanism known as stochastic
resonance (see, e.g., [IO]). However, noisy functioning may
have additional roles. For example, it has been shown that
11. PRELIMINARIES
synaptic background activity may promote distinguishing very
similar inputs [ I l l . It has been also demonstrated [I21 that A. Model description
strict conditions on stability of Hebbian mechanisms can
be released by introducing random external noise instead of
We assume that the network is sustained by inputs with no
maintaining competition among neurons over the input sets. spatio-temporal structure; that is the input is random noise.
In this paper we address the question whether noise may have Our models consist of N number of simplified integrate-andany impact on structural changes.
fire-like 'neurons' or nodes. The dynamics of the internal

Abstrad-In this paper we study the emergent structure of
networks in which spike-timing dependent synaptic plasticity is
induced only by external random noise. we show that
noise driven Hebhian networks are able l o develop a broad
range o[ network
including scale-free small.world
networks. The development of such network structures may
provide an explanation of the role of noise and its interplay with
Hemian pl*ticitY. We also argue that this model fan be Seen
as a unification of the famous Watts-Strogah and Preferential
attachment models of small-world and scale-free nets. Our results
may support Edelman's idea on that the development of central
nervous system may have evolutionary components.
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activity is written as
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for i = 1,2, . . . N . (N was 200 in our simulations.) Variable
13 denotes the randomly generated input from
~ ( ~ E~ (0,l)
' 1
the environment, a; is the internal activity of neuron i , wij
is ijth element of matrix W, i.e., the connection strength
from neuron j to neuron i. If A t = 1 then we have a
discrete-time network and each parameter has a time index,
or if A t is infinitesimally small then Eq. 1 becomes a set
of coupled differential equations. Neuron j outputs a spike
(neuron j 'fires') when a j exceeds a certain level, the threshold
parameter B. Spiking means that the output of the neuron a;
(superscript s stands for 'spiking':) is set to 1. After firing,
aj ,is set to zero at the next time step for the discrete-time
network. For the continuous versiori of Eq. I , a j is set to zero
after a very small time interval. For simplicity, no refracter
time is assumed. Amount of excitation received by neuron i
from neuron j is wija4.Equation I describes the simplest form
of 'integrate-and-fire' network models which is still plausible
from a neurobiological point of vi.ew. Note that if A t = 1
and the threshold is set to zero (i.e., if a neuron receives
any excitation then it fires and is reset to zero) then Eq. 1
represents 'binary neurons' without temporal integration. This
can be seen as the simplest model within our framework. Also,
if the threshold is kept and if a; is set to zero before each time
step, irrespective if the ith neuron fires or not, then the original
model of McCullough and Pitts [21] is recovered.
Synaptic strengths are modified as follows:

where K is a kernel function which defines the influence of
the temporal activity correlation on synaptic efficacy, t i , tj
the spiking times of neuron i and j, respectively and a:'''
is the firing activity of neuron i at time t i . Initially all wij
is set to a small identically and independently distributed
random number. A w i j / A t may be taken over discrete or
over infinitesimally small time intervals. Some possible kernels
are depicted in Fig. 1. The kernel is a function of the
time differences. Because, in our case, the input is noise
with no temporal correlation, only the ratio of the positive
(strengthening) and the negative (weakening) areas of the
kernel function ( T A + l A - ) should count. Temporal grouping
and reshaping of the kernel would not modify our results as
long as the aforementioned ratio is kept constant and the input
is pure noise. For this special case, the difference between the
two kernel types of Fig. 1 does not have much impact on
the temporal evolution of our model network. It should be
noted that including inputs with spatiotemporal structure and
other, known details of synaptic plasticity mechanisms, this
kernel shape independence will not hold. Our only constraint
on the kernel, namely the constraint that T A + / * - < 1, is
required to constrain weights. This constraint redistributes
weight strengths.

Time difference

+
4

Fig. 1. Kernel functions. Two temporal kernels as a function of time
difference between spiking time of neuron i andj ( t i - t j ) . Relevant parameter
of the shape for noise-sustained Systems is the ratio
of the areas
(sumsof positive and negative pmlcamponents) of the kemei. A+ and A - ,
respectively ( T ~ + ~=~A +
- /A-).

E. Gauges of evaluation
In the first place, we have been interested in the emerging
local and global connectivity structure of W. The structure
can be best described by a weighted graph, in which 'nodes'
stand for neurons, while 'edges' or 'directed edges' denote the
connections among them. We applied the so called connectivity length measure based on the concept of networkefficiency
[22]. This measure is more appropriate for weighted networks
than the characteristic path length ( L ) and the clustering
coefficient (C) of Watts and Strogatz [ 191 useful for networks
with equal weights. The method of [22] is applicable for
describing both global and local properties. Local efficiency
between nodes i and j is e i j = l / d i j , where d i j corresponds
to the shortesr path length throughout all of the possible
paths from neuron j to i, where the path length between
each connected pair of vertices is the inverse of the weight
between them. The local harmonic mean distance for node i
is defined as Dk(i) =
where
is the number of
<,k k j

neurons in subgraph d i )(subgraph G ( i )consists of all nodes
1 around neuron i with wg > 0), d j is the inverse of shortest
distance between nodes IC and j in G(;). The inverse of D f ( i )
describes how good the local communication is among the
first neighbors of node i with node i removed. Small D f ( i )
means that node i has high clustering coefficient. The global
distance is a good approximation of L.
Many different networks belong to the same structural
family regarded as 'small-worlds'. Their most characteristic
feature is that they are efficient locally and globally, too.
While local and global connectedness are useful tools to
characterize a network architecture, it is worth investigating
the degree distributions of the incoming and outgoing connections as well [13]. They may provide information about
the scaling of different properties of the given structure, like
the change of the diameter as a function of the number of
nodes. One particular subfamily of small-world nets can also
be characterized as 'scale-free' networks, because their most
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significant properties scale according t o power-law with the
connection number distribution. Most scale-free nets are also
small-worlds, provided that connection strength is not too
sparse and basically no part of the network is isolated.
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Fig. 3. Conneclivity matrices. The four diagrams display connectivity
matrices corresponding to the cases in Fig. 2. Cases (a) and (d) are arbitrary
examples from the power law region, these subfigures approximate scale-free
connectivity structures.

(C)

Fig. 2. Log-lag plots for diflerent parameters. The four diagrams display
= 0.1 T=. = 0.3, (b):
typical distributions for parameten (a): T,,+,~= 0.1
= 0.6,(c):
= 0.6 ve. = 0.3 and (d):
T ~ + , ~=
- 0.6 re* = 0.75. Cases (a) and (d) are arbitrary examples from
the power law region.

a function of the following parameters: (i) the magnitude of

the external excitation and (ii) the strengthening-weakening
area ratio (ra+lA-) of kernel K. It can be seen that many
connection weights have been vanished and it has made
Figure 2 summarizes our findings in different parameter
possible to talk about 'subgraphs' with local connectivity. As
regions and starting the network from W = 0. The figure
an extreme case of the general model, the binary neuron model
displays the emergence of scale free nets as a function of the
was also investigated and no important difference were found.
excitation level T ~ ? ,the average ratio of neurons receiving
Fig. 4 displays the comparison of the resulting structures
excitation from the environment, and the ratio of the area of
of case (c) and (d) with a random net in which the same
potentiation to the area of depression ( T ~ + / ~ in
- )kemel K.
weights of the dynamic network have been randomly assigned
The length of the scale-free regions was determined by first
to different node pairs. The diagram highlights the emerging
plotting the distribution of the sum of the weights of outgoing
small-world properties, i.e., small local connectivity values
connections (averaged over 20 runs, each run contains 10000
(high clustering coefficients) for case (d) and the opposite for
samples) for every parameter set studied. Results are depicted
case (c). Global connectivity lengths were about the same for
on loglog plot. Supposing a power-law distribution ( P ( k * )%
the original and for the randomized networks.
Ic'7eCk'/C, where 'k denotes the discretized values of the
connection strength), a linear fitting was made to approximate
IV. DISCUSSION A N D OUTLOOK
y.The width of the scale-free region was estimated by the
length of the region with power-law distribution relative to A. On the generality of the model
Consider that discrete time steps of our model corresponds
the full length covered on the log scale. Maximum error
of the linear fit was set to
STD. That is, for 100 to short refractory periods. Then our model with the constraint
discretization points, the width of a region spreading an order on the ratio of the potentiatioddepression kernel area falls
of magnitude on the loglog plot is equal to 0.5. Figure 3 under the category of 'input-restricted' STDP models as deshows the corresponding connection matrices. While case (c) scribed by Burkitt and his colleagues [23]. Their analysis
resembles a random structure, case (b) seems to be a winners- shows if the output action potential interacts only with the
take-most network, in which only a few neurons dominate over (n) temporally nearest synaptic inputs, then in case of torthe total amount of the connection strength. However, cases related inputs ('foreground synapses') and noise ('background
(a) and (d) show strong clustering in a rather sparse structure synapses'), the learning dynamics is controlled by stable fixedand therefore correspond to scale-free small world networks point. Some variance to our results may arise as a function of
characterized by their y values ( -1.66 and -1.63, respectively). the refractory parameter.
It is also important that the presented STDP based system
Figure. 3 depicts the corresponding connectivity matrices.
With the help of the above introduced connectivity length can be related to well-established rate-based Hebbian learning
measures we studied also the emerging network structures as models: As it has been mentioned, our constraint on the kernel
4.91

If no coincidence occurs then there will be no change
in the network. However, such coincidences are much
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Neurok Ordered by DL magnitude
Fig. 4. k a l connectivity length distanrxs in ascending order. For better
visualization not all data points are marked and the pints are connected with
solid lines. Lines with upward triangle markers represent STDP learning in
NDH networks. Linea with circles represent randomized networks: the same
sei of weights are randomly redistributed amongst the nodes of the network.
Lines with empty markers: weight set of non-scale-free-like NDH net of case
(c) (Fig. 3). Lines with solid markers: weight set of scale-free like NDH net
(case (d) of Fig. 3). Note 1: The global harmonic mean distances for the
onginal and for the randomized networks ;m about the same: in case (c) of
Fig. 3 DE ii: 0: sz 5.5, whereas in case (d) of Fig. 3 D i
DF,sz 10.
Note 2: The scale-free-like network (case (d)) and the non-scale-free-like one
(case (c)) achieve abaut the Same local connectivity length distances. hut the
latter has a much larger number of non-vanishing connections (Fig. 3(c)).

(i.e., ra+/*- < 1) redistributes synaptic weights. Empirical
data indicate that indeed, there are mechanisms to redistribute
weight strengths; potentiation for weak synapses is favored
whereas strong synapses tend to be depressed (see, e.g., [24],
[25], [12]). The model is also able to selectively potentiate
higher-rate synaptic inputs without embedding any specific
competitive mechanism. As a consequence, i n spite of our
simple set up, the emerging results seem to be fairly general.
B. &lation

of

noise driven Hebbiczn ne,S to orher

Although this paper is intended only to show some experimental (simulation) results on noise induced network structures of simplified neuron models, the results can be related to
other, well-known mechanisms, too. In the following we show
that under some (strong) constraining assumptions, our model
can be transformed to the model of Barabrisi et al 1161, the
model of preferential attachment. The following assumptions
are made to enable the above-mentioned transition:
Let us suppose that at t = 0 there are N nodes. from
which only n nodes ( n << N) have at least one
connection to other nodes.
Let the changes in activity and connection strength be
discrete by choosing both the weakening and strengthening step of the kernel to be of unit strength.
Spikings of the cloud of (N - n) isolated nodes can
be considered independent and the spiking probability is
small. For such isolated nodes. only the external input.
the second part of the right hand side of Eq. 1, counts.
Furthermore, the coincidence of spiking of two isolated
neurons is negligibly small if the temporal kernel is short.
At anv time instant. when a neuron of the isolated cloud
fires the nodes of the connected set may fire or not.

.
.

more likely given the connectivity structure between the
neurons of the connected set. This is so, because if one
neuron fires then there is a chain of firing amongst these
neurons. In turn, the development of new connections
between two isolated neurons is not likely, whereas
isolated neurons tend to develop new connections toward
the connected sub-net.
In contrast to the cloud, the activity of the connected
neurons is strongly dependent on the spiking activity of
the ‘neighbors’. If firing starts in the connected cloud of
neurons then the first term of the right hand side of Eq. 1
will dominate the resulting firing chain. Input initiates
the firing chain, whereas recurrent excitation from other
nodes control that chain. In turn, the probability of
firing can be taken as (approximately) proportional to the
recurrent activity, controlled by the incoming connection
distribution.
Having established a connection between two nodes, it
is kept steady and may not change by time. This is
a strong assumption, which is tacitly assumed by the
original model of preferential attachment, too.
This latter constraint does not seem to be realistic in any
model. There is no reason that for a growing connection structure should remain steady for old connections. Note, however,
that random rewiring of old connections can give rise to scalefree network structure, too. In fact. this rewiring mechanism
is the original model of Watts and Strogatz [19]. As it was
noted at the very beginning (see Section 11) our model has
an intrinsic weight redistributing property originated by the
constraint that T ..~ ,..
+ / ~
< -1. In turn, the incremental -growinaof the connected sub-net (by connecting new isolated neurons)
and the weight redistributing property of NDH nets can be seen
as the synthesis of the preferential attachment mechanism with
continuous new entries in the model of preferential attachment
[I61 and the rewiring mechanism of the model of Watts
and Strogatz [191. That is, constraining our model lead to
a combination of two models both generating small-world
structures. Nonetheless, by means of numerical simulations
we have shown that our model can produce such connection
structures without the explicit requirement on growing, and
without a direct mechanism of weight rewiring.

.

C. Remarks on evolutionary systems
Interestingly, all the listed examples, one way or the other,
usually are also regarded as evolutionary systems. In our
particular case, the obtained results can also be interpreted in
an evolutionary context by reconsidering Edelman’s alternative
neuronal group selection theory [27] about the fundamental
role of selection during and after development of the nervous
system. According to Edelman, a theory to describe a system’s
temporal change can be considered as ‘selectionist’. if it
includes the following components:
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source of diversification leading to variants,

preferential attachment [161, the global optimization scheme
[28], and also from the original Watts and Strogatz model.
In summary, we have demonstrated that small-world architecture with scale-free domains may emerge in sustained
networks under STDP Hebbian learning rule without any other
specific constraint on the evolution of the net. According to
our results, evolution and plasticity of neural networks may
be maintained by noise randomly generated within the central
nervous system. We conjecture that the sustained nature of
noise and the competition imposed by appropriate ra+lavalues are the two relevant components of plasticity and
learning.

a means for encounter with an environment not initially
categorized,
a means for differential amplification over some period
of time of those variants in a population that have greater
adaptive value.

It is no surprise that a system with these features falls into the
class of evolutionary systems as far as we look at the system as
a whole. In the nervous systems, there are at least two types of
temporal changes serving the first requirement: Diversification
can occur via the emergence of redundant connectivity during
development and via the modification of synaptic efficacy
during life-time learning. The main thesis of this paper is to
demonstrate how diversification can be realized by noise under
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