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Chapter 11
Learning and Representation:
From Compressive Sampling to the ‘Symbol
Learning Problem’
ANDRÁS LŐRINCZ

In this paper a novel approach to neurocognitive modeling is proposed in which
the central constraints are provided by the theory of reinforcement learning. In
this formulation learning is (1) exploiting the statistical properties of the system’s
environment, (2) constrained by biologically inspired Hebbian interactions and (3)
based only on algorithms which are consistent and stable. In the resulting model
some of the most enigmatic problems of artificial intelligence have to be addressed.
In particular, considerations on combinatorial explosion lead to constraints on
the concepts of state–action pairs: these concepts have the peculiar flavor of
determinism in a partially observed and thus highly uncertain world. We will
argue that these concepts of factored reinforcement learning result in an intriguing
learning task that we call the symbol learning problem. For this task we sketch
an information theoretic framework and point towards a possible resolution.

1. Introduction
Reinforcement learning (RL) has successfully reached human level in different games [119, 15, 12, 22, 103, 26, 112, 113]. Furthermore, RL has attractive, near optimal polynomial time convergence properties under certain
conditions [57, 16]. Because RL has been strongly motivated by psychology
and neuroscience [101, 81, 87, 27, 94, 29, 63, 99], too, we take the Markov
decision problem (MDP) model of RL as the central organization concept in
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modeling the brain. It means that we have to win through the limitations
arising from the Markovian assumption.
The core problem of RL is that even simple agents in simple environments need a number of variables to detect, such as objects, their shape or
color, other agents, including relatives, friends, and enemies, or the space
itself, e.g., distance, speed, direction, and so on. The size of the state space
grows exponentially in the number of the variables. The base, which corresponds to the discretization of the variables, and the number of possible
actions are less harmful. However, another source of combinatorial explosion comes from partial observation; agents need to maintain a history of
sensory information. This temporal depth comes as a multiplier in the exponent again.
In the so-called multi-agent systems, the problem becomes even harder
as the internal states of the other learning agents are hidden. This fact
has serious consequences. First, the number of agents also multiplies the
exponent. Second, the hidden nature of the internal states violates the
central assumption of RL about the Markov property of the states. For a
review on multi-agent RL, see e.g., [53, 17].
The effect of hidden variables is striking. For example, we have found
that, for two agents with two hidden states (meaning) and two actions
(signals to the other agent), some cost on communication is enough to
prohibit an agreement on signal meaning association [71]. Nevertheless,
there is a resolution if an agent can build an internal model about the other
agent. In this case they can quickly come to an agreement. This situation is
best described as ‘I know what you are thinking and I proceed accordingly’.
However, if both agents build models about each other, then agreement is
again hard, unless one of the agents assumes that the other agent also builds
a model, like ‘I know that you know what I am thinking’. Such observations
highlight the relevance of model construction and the adjustment of the
estimated reward function by, for example, inverse reinforcement learning
[83] and apprenticeship learning [1, 82].
Within the framework of RL, factored description can decrease the
exponent of the state space [13, 14, 61, 44]. In the multi-agent scenario,
for example, if it turns out that a given agent (let us say, agent B) does not
influence the long-term goals in the actual events observed by another agent
(agent A), then the variables corresponding to agent B can be dropped; only
the relevant factors need to be considered by agent A at that time instant.
Limitations of RL highlight the learning task that finds the relevant factors
for model construction.
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In the approach presented in this paper two different types of constraints
will be applied. There is a set of experimental constraints coming from neuroscience and cognition. These should be considered as soft constraints, because the interpretation of the findings is debated in many cases. However,
these constraints help to reduce the number of potential machine learning
approaches.
The other type of constraints comes from mathematics. These are hard
constraints and are the most important supporting tools. However, care
should be taken as they may have also have their own pitfalls hidden deeply
in the assumptions, like the conditions of the different theorems applied.
Ideally, building a model should start from a few philosophical principles, should be constrained by (1) the need for fast learning (because of
the evolutionary pressure), by (2) the complexity of the environment and
the tasks, and by (3) the different aspects of determinism and stochastic
processes. The emerging model should then be used to derive the global
structure of the brain as well as the tiniest details of the neural organization. This dream is certainly beyond our current knowledge and will stay
so for a long time. Instead, a compromise is put forth here: I will start
from the constraints of reinforcement learning, will consider certain facts of
the environment and will build upon those in the quest for the solution. If
there is some reassuring information or guideline from neuroscience then I
will mention those, but the set of choices is certainly subjective. At each
point we will find new sources of combinatorial explosion and will proceed
in order to decrease their impact. Eventually, we will arrive at an unresolved problem that we call the symbol learning problem. We shall argue
that the symbol learning problem may eliminate the enigmatic issues of the
symbol grounding problem of cognition. (For the description of the symbol
grounding problem, see [47] and the references therein.) Furthermore, the
symbol learning problem may gain a rigorous information theoretic formulation with some indications that polynomial time algorithms can solve it
under certain conditions.
In the next subsection I provide an overview of the paper. It is a
linear construction with loops at each step. The loops are about the arising
mathematical problems and their possible resolutions. At each step, there
is a large pool of potential algorithms to resolve the emerged problems and
we shall select from those by looking at the soft constraints provided by
experimental neuroscience.

4

A. Lőrincz

1.1. Overview of the structure of the paper
All building blocks or computational principles have neurobiological motivation that I will refer to. In Section 2 I shortly review recent advances on
compressible sensing, the relevance of sparse representation and L0 norm,
and the related neural architecture. In Section 3 I show how a family of
non-combinatorial independent component analysis can be structured to
achieve exponential gains by breaking the sensory information into independent pieces. Reassurance and problems both come from neurobiology:
learning can be put into Hebbian form and the particular form provides
insight into the hippocampal formation of the brain, responsible for the formation of declarative memory. However, the same formation points to the
need of action-based labeling; control and factors are interlaced. Unfortunately, action-based labeling is not feasible, because the size of label space
can be enormously huge. As an example, consider the concerted actions of
the muscles. For 600 independent muscle groups with, for simplicity, only
2 (‘on’ or ‘off’) stages, the label space is as large as 2600 . This issue is addressed in Section 4, where the control problem is reformulated in terms
of speed-field tracking inverse dynamics that can be made robust against
approximation errors. In doing so we may avoid difficulties arising from
kinematics and inverse kinematics. In turn, learning becomes feasible. We
also review MDPs and show that the proposed robust controller scheme fits
well into the RL formalism if used within the so called event-learning framework [74, 116]. In addition, we review factored RL that is also designed to
help avoid other sources of combinatorial explosions. Learning in this setup
is polynomial in the number of states, which can be seen as a novel result
for RL.
In the context of factored RL, we need to consider partially observed
environments, which in turn leads to an enigmatic problem. Namely, there
is a hidden, but quite influential assumption about both the states and the
actions in the traditional formalism, or about the states and the desired
states in the event-based formalism. The problem is that states and actions
are given, that is they have a deterministic description. Such determinism
apparently contradicts to the ‘great blooming, buzzing confusion’ [54] that
we observe: there are so many factors that may influence a ‘given state’
that the description is either huge and the state may never occur, or it must
have stochastic components. The rescuing thought is missing. We shall
formulate this cornerstone of the learning problem that we call the symbol
learning problem.
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Fig. 1. Construction of the paper. Squares: facts about information from nature and
algorithms. Pentagons: emergent problems that need to be solved to proceed further.
Hexagons: reassuring soft information from neuroscience and cognition

2. Sparse Representation

I review certain features of perception and natural stimuli. Then I introduce
the notion of sparse representation and discuss how it enables factored
representation, which unfortunately still leads to combinatorial explosion.
One of the most relevant problems for computational models is the maintenance of distinct interpretations of environmental inputs. The presence
of competing representations is not simply a plausible assumption, but it
has strong psychophysical and neurobiological support in rivalry situations,
when two or more likely interpretations ‘fight’ to reach conscious observation, but our mind chooses between them and only one ‘meaning’ is present
at a time [67, 65]. However, while it inhibits the conscious concurrent observation, it also enables switches among the different interpretations in a
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robust manner. Switching is so robust that usually we can not prevent it
at will [66, 21].
In turn, while the inputs are continuous, the existence of distinct representations point to some kind of discrete nature of the representation.
It has been observed that typical signals have specific statistical properties, distributions are not Gaussian but they are heavy-tailed in many cases.
This means that information is compressible in the sense that there exist
bases where the representation has a few large coefficients and many small
ones. This is the case, for example, for natural images.
The accommodation of biological perceptual systems to such peculiar
statistical properties have been extensively studied (see, e.g., [36, 32, 31]).
It is also known that sparse overcomplete representation can be learned robustly in artificial neural networks for the case of natural images; properties
of the emerging ‘receptive fields’ have little dependence on the sparsifying
non-linearity applied during learning [42, 85, 86, 96, 64]. The reason for
this property remained elusive until the recent discovery of compressive
sampling. It turns out that computations in L1 and in L0 norms result in
the same representation for such heavy tailed distributions [19, 33, 18]. This
is the so called ‘L1 Magic’ that has received considerable attention recently
in diverse fields1 .
2.1. Neural solution to distinct sparse representations
The basic algorithm presented in [85] can be put into a multi-layer recurrent
neural network architecture. The idea can be traced back to the eighties
[8, 91] and has undergone considerable developments during the last two
decades, see, e.g., [56, 93, 76]. There are many variants that can be called
together as autoencoders [3, 49].
In these neural architectures, however, there is no place for competition
between different representations.2 Rubinstein’s global optimization technique, the so called cross entropy method (CEM) [28] has recently been used
to resolve this problem. The resolution makes use of a novel online variant [115, 73] of the original batch learning method. In addition, this online
variant
1
For a comprehensive collection of papers visit the compressive sampling resources of
the DSP group at Rice University: http://www.dsp.ece.rice.edu/cs/
2
In this text, we make no difference between the notions of representation and interpretation.
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• applies directly the L0 norm, which is robust in the neural network
sense: the norm is not strict as any Lq norm (where 0 ≤ q ≤ 1) may
produce similar results, and
• encourages us to take a fresh look on the spike-coding versus rate
coding dichotomy.
The basic optimization problem of sparse representation – in a nutshell
– is the following: let x ∈ Rn denote the input we want to reconstruct with a
sparse representation (h ∈ Rm ) using an overcomplete basis set A ∈ Rn×m ,
where m À n. The corresponding optimization problem is:
(1)

h∗ := arg min ξ · khkL0 + kx − AhkL2 ,
h

where k.kLn denotes the Ln norm, ξ is a trade-off parameter. The first term
enforces low number of nonzero components, the second term minimizes the
L2 -norm of the reconstruction error ε(t) = x − Ah(t). We are solving the
above problem using CEM as it exploits sparsity. CEM aims to find the
(approximate) solution for global optimization tasks in the following form
h∗ := arg min f (h).
h

where f is a general objective function. Instead of having a single candidate
solution at each time step, CEM maintains a distribution g(t) of h(t) for
guessing solution candidates. The efficiency of this random guess is then
improved by selecting the best samples – the so called ‘elite’ – and iteratively
modifying g(t) to be more peaked around the elite. It is known that,
under mild regularity conditions, CEM converges with probability 1 and
that, for a sufficiently large population, the global optimum is found with
high probability [78]. It is also known that CEM is strikingly efficient in
combinatorial optimization problems. Formally, CEM works as follows. Let
g belong to a family of parameterized distributions, H . Let h(1) , . . . , h(N )
be independent samples (N is fixed beforehand) from g. For each γ ∈ R,
the set of ‘elite’ samples,
bγ := {h(i) | f (h(i) ) ≤ γ, 1 ≤ i ≤ N },
E
©
ª
provides an approximation to the level set Eγ := h | f (h) ≤ γ .
bγ be the distribution over the level set Eγ and E
bγ , reLet Uγ and U
∗
spectively. For small γ, Uγ is peaked around h . CEM chooses g(t) that
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is closest in the cross-entropy (or KL divergence) metric to the empirical
bγ . The algorithm iteratively modifies γ and g to reach the
distribution U
optimal performance value γ ∗ = f (h∗ ). CEM uses some technical tricks.
bγ by maintaining the best ρ · N samples (1 − ρ
It prohibits depletion of E
quantile), where ρ ∈ [0, 1] is a fixed ratio. Also, it deals with parameterized distribution families where parameters can easily be approximated
from simple statistics of the elite samples. Note also that updating the distribution parameters can be too coarse, so a smoothing factor α is applied.
Informally, CEM is a maximum likelihood method, without immature decisions. The conservative nature of CEM comes from its innovation, the
maintenance of the elite, and that it sharpens the distribution of this elite
step-by-step.
Our idea is that the important component of this step-by-step sharpening
of the distribution, the set of elite samples need not be stored [115, 73]. Further, sparse representation resolves the dilemma on discrete versus continuous representation: CEM can search for low-complexity (sparse) representation and within each sparse representation candidate the continuous values
of the representation can be computed by (iterative) pseudoinverse computation for the allowed sparse non-zero components of h denoted by hL0
(2)

∆hL0 ∝ PL0 AT ε,

where PL0 projects to the allowed non-zero set of the components of the
overcomplete representation. Equation (2) is the gradient update that
follows from (1) for hL0 .
In sum, sparse overcompleteness has some interesting consequences.
Components or features are either present or absent and thus their presence
can be detected independently. Sparseness may recast the reconstruction
task as a combinatorial optimization problem for which we suggested a
modification of the very efficient and simple CEM. CEM is robust, fast and
essentially parallel, but requires batch access to samples. Our modification
resulted in an online version that may enable one to find mapping onto
real neuronal networks. Another extension is that for analog valued inputs
and/or representations, we embedded the online CEM into a reconstruction
network architecture that can directly calculate the reconstruction error
term of the cost function through feedforward and feedback connections.
(See, e.g., [76] about the potential role of such networks in real neuronal
systems).
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Another important aspect of the online CEM is that it is essentially built
on the concurrent use of digital (spike-based feature selection) and analog
valued coding (like the input and its representation). This particular feature
may contribute to the long standing debate (see e.g. [97] and references
therein) about the different neuronal coding schemes by suggesting a new
computational role for spikes and maintaining rate code as well. The novel
interpretation is that spikes are used to improve the probability of the
compositional representation, whereas rate code is about the magnitude
of the selected components. Thus, beyond the advantages of the algorithm
featuring global optimization and parallel sampling in distributed networks,
it might have biological significance and resolve some of the puzzles of
neuronal networks.
A few notes are added here. Sparse representation is promising for natural signals, because it can overcome the Nyquist noise limit [19, 33, 18],
enables sparse sampling and may offer insight into the two-faceted nature
of neural coding, i.e., spike-coding and rate coding. Further, the presence
or absence of the elements of sparse representation – in principle – enables
tabulated RL methods. However, sparse coding makes combinatorial explosion even harder, implying that additional algorithmic components are
needed.
An individual element of the sparse neural representation can be seen
as a vector with a dimension that equals the dimension of the input: for
component i of representation h the synaptic vector is the ith column of
matrix A. In the next section we discuss how individual elements of the
neural representation can be collected into (approximately) independent
groups; thus forming (approximately) independent subspaces or ‘factors’.

3. Factored Representation
In the first part of this section, I review our recent results on how to collect
components so that each group is approximately statistically independent
from other groups. The relevance of this section is the following:
1. For groups of statistically independent components, the influence of
other groups may be neglected. Thus machine learning methods may
be restricted to some of the subspaces of the grouped variables making
considerable savings in the exponent of the state space.
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2. Dynamical dependencies of different orders, e.g., position, momentum,
and acceleration, can also be factored.
3. Sparse coding, independent component analysis (ICA) and the autoregressive family of dynamical models reviewed in this section are
closely related to each other [86, 108].
4. Cardoso’s observation that components found by ICA are entailed by
single independent subspaces has received mathematical support for
a limited set of distributions [108]. The observation enables effective
non-combinatorial search for independent subspaces, without a priori information about the number of subspaces and their dimensions.
Thus, we have a non-combinatorial algorithm that can provide combinatorial gains [89].
Independent Subspace Analysis (ISA) [20] is a generalization of ICA.
ISA assumes that certain sources depend on each other, but the dependent
groups of sources are independent of each other, i.e., the independent groups
are multidimensional. The ISA task has been subject of extensive research
[20, 123, 105, 6, 121, 52, 84, 88]. Generally, it is assumed that hidden sources
are independent and identically distributed (i.i.d.) in time. Temporal independence is, however, a gross oversimplification of real sources including
acoustic or biomedical data. One may try to overcome this problem by assuming that hidden processes are, e.g., autoregressive (AR) processes. Then
we arrive to the AR Independent Process Analysis (AR-IPA) task [51, 90].
Another method to weaken the i.i.d. assumption is to assume moving averaging (MA). This direction is called Blind Source Deconvolution (BSD)
[23], where observation is a temporal mixture of the i.i.d. components.
The AR and MA models can be generalized and one may assume ARMA
sources instead of i.i.d. ones. As an additional step, these models can be
extended to non-stationary integrated ARMA (ARIMA) processes, which
are important, e.g., for modeling economic processes [80]. In the next section
we review the AR-, MA-, ARMA-, ARIMA-IPA generalizations of the ISA
task, when (i) one allows for multidimensional hidden components and (ii)
the dimensions of the hidden processes are not known. In the undercomplete
case, when the number of ‘sensors’ is larger than the number of ‘sources’,
these tasks can be solved, because they can be reduced to the ISA task.
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3.1. Non-combinatorial independent subspace analysis
The ISA task can be formalized as follows:
(3)

£
¤
x(t) = Ae(t), where e(t) = e1 (t); . . . ; eM (t) ∈ RDe ,
m

that is e(t) is a concatenated vector of components
em (t) ∈ Rde . The total
PM
m
dimension of the components is De =
m=1 de . We assume that for a
m
m
given m, e (t) is i.i.d. in time t, and sources e are jointly independent,
i.e., I(E 1 , . . . , E M ) = 0, where I(.) denotes the mutual information of the
arguments, E m (m = 1, . . . , M ) is a dm
e dimensional random variable with
m ≤ em ).
cumulative distribution function F (em ) = Pr(E1m ≤ em
1 , . . . , Edm
dm
e
e
The dimension of the observation x is Dx . Assume that Dx > De , and
A ∈ RDx ×De has rank De . Then, one may assume without any loss of
generality that both the observed (x) and the hidden (e) signals are white.
For example, one may apply Principal Component Analysis (PCA) as a
preprocessing stage. Then the ambiguities of the ISA task are as follows
[120]: sources can be determined up to permutation and up to orthogonal
transformations within the subspaces.
3.1.1. ISA separation. We are to uncover the independent subspaces.
Our task is to find a matrix W ∈ RDe ×Dx with orthonormal
columns
£
¤
(that is WWT = I) such that y(t) = Wx(t), y(t) = y1 (t); . . . ; yM (t) ,
m
ym = [y1m ; . . . ; ydmm
] ∈ Rde , (m = 1, . . . , M ) with the condition that the
e
m – are
components of the related dm
e dimensional random variables – i.e., Y
independent. Here, yim denotes the ith coordinate of the mth estimated
subspace. This task can be viewed as the minimization of the mutual
information between the estimated components on the orthogonal group:
(4)

¢
. ¡
JI (W) = I Y 1 , . . . , Y M .

Alternatively, because (i) the entropy of the input H(x) is constant and
(ii) WWT = I, (4) is equivalent to the minimization of the following cost
function:
(5)

M
. X ¡ m¢
H Y
.
JH (W) =
m=1
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Identities for mutual information and entropy expressions can be used to
derive another equivalent cost function:
e

(6)

dm
M
M
X
. X X
JH,I (W) =
H(Yim ) −
I (Y1m , . . . , Ydm
m ),
e
m=1 i=1

m=1

and arrive finally to the following minimization problem
(7)

M
X
.
1
M
I (Y1m , . . . , Ydm
JI,I (W) = I (Y1 , . . . , YdM ) −
m ),
e
e

m=1

where Yim (m = 1, . . . , M and i = 1, . . . dem ) denote the stochastic variable
related to yim . The first term of the r.h.s. of (7) is an ICA cost function;
it aims to minimize mutual information for all coordinates. The other
term is a kind of anti-ICA term; it maximizes mutual information within
the subspaces. One may try to apply a heuristics and to optimize (7) in
the following order: (1) Start by any ‘infomax’-based ICA algorithm and
minimize the first term of the r.h.s. in (7). (2) Apply only permutations on
the coordinates to optimize the second term. Surprisingly, this heuristics
leads to the global minimum of (4) in many cases. In other words, ICA
that minimizes the first term of the r.h.s. of (7) solves the ISA task as
well, apart from grouping the coordinates into subspaces. This feature
was first observed by Cardoso [20]. To what extent this heuristic works is
still an open issue. Nonetheless, we consider it as a ‘Separation Theorem’,
because for elliptically symmetric sources and for some other distribution
types one can prove that it is rigorously true [107]. (See also the results
concerning local minimum points [122]). Although there is no proof for
general sources yet, a number of algorithms successfully apply this heuristics
[20, 105, 122, 7, 106, 2].
3.1.2. ISA with unknown components. Another issue concerns the
computation of the second term of (7), because we have to group the ICA
components by means of this term. For subspaces em of known dimensions
dm
e , multi-dimensional entropy estimations can be applied [88], but these
are computationally expensive. Other methods deal with implicit or explicit
pair-wise dependency estimations [7, 122]. Interestingly, if the observations
are indeed from an ICA generative model, then minimization of pair-wise
dependencies is sufficient to solve the ICA task according to the DarmoisSkitovich theorem [25]. For the ISA problem, in principle, estimation of
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pair-wise dependencies is insufficient to recover the hidden subspaces [88].
Nonetheless, such algorithms seem to work nicely in many practical cases.
m
A further complication arises if dimensions dm
e of subspaces e are not
known. Then the dimension of the entropy estimation becomes uncertain. There exist methods that also try to minimize pair-wise dependencies.
A block-diagonalization method has been suggested in [122], whereas [7]
makes use of kernel estimations of the mutual information.

Assume that the separation theorem is satisfied and apply ICA preprocessing. This step can be followed by the estimation of the pair-wise mutual
information of the ICA coordinates. These quantities can be represented as
the elements of an information adjacency graph, the vertices of the graph
being the ICA coordinates. One can search for clusters of this graph and
may apply different efficient approximations like Kernel Canonical Correlation Analysis [6] for the estimation of mutual information. Then variants of
the Ncut algorithm [124] can be used for clustering. As a result, the mutual
information within (between) cluster(s) becomes large (small).
Below, we show that the ISA task can be generalized to more realistic
sources.
3.1.3. ISA Generalizations. We need the following notations: Let z stand
for the time-shift operation, that is (zv)(t) := v(t − 1). The N order
D1 ×D2
polynomials of z over the D1 × D2 matrices are denoted as R[z]N
:=
ª
©
PN
r
n
D
×D
r
1
2
. Let ∇ [z] := (I − Iz) denote the rth
F[z] = n=0 Fn z , Fn ∈ R
order difference operator, where I is the identity matrix, r ≥ 0, r ∈ Z.
Now, we are to estimate unknown components em from observed signals x. We always assume that e takes the form like in (3) and that
A ∈ RDx ×Ds is of full column rank.
1. AR-IPA: The AR generalization of the ISA task is defined by the following equations: x = As, where s is a multivariate
process i.e.,
Pp AR(p)
D
×D
i
s
e
P[z]s = Qe, Q ∈ R
, and P[z] := IDs − i=1 Pi z ∈ R[z]pDs ×Ds .
¡
¢
We assume that P[z] is stable, that is det P[η] 6= 0, for all η ∈ C,
m
|η| ≤ 1. For dm
e = 1 this task was investigated in [51]. Case de > 1 is
treated in [90]. The special case of p = 0 is the ISA task.
2. MA-IPA or Blind Subspace Deconvolution (BSSD) task: The ISA
task is generalized to blind deconvolution task
P (moving average xtask,
×De
MA(q)) as follows: x = Q[z]e, where Q[z] = qj=0 Qj z j ∈ R[z]D
.
q
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3. ARMA-IPA task: The two tasks above can be merged into an integrated model, where the hidden s is a multivariate ARMA(p, q):
s ×Ds
x = As, P[z]s = Q[z]e. Here P[z] ∈ R[z]D
, Q[z] ∈ R[z]qDs ×De .
p
We assume that P[z] is stable. Thus the ARMA process is stationary.
4. ARIMA-IPA task: In practice, hidden processes s may be nonstationary. ARMA processes can be generalized to the non-stationary
case of integrated ARMA or ARIMA(p, r, q). The assumption here
is that the rth difference of the process is an ARMA process. The
corresponding IPA task is then
(8)

x = As, where P[z]∇r [z]s = Q[z]e.

It is attractive that these algorithms can be put into Hebbian (that
is neurally plausible) forms [75, 72]. The resulting Hebbian forms pose
constraints that can be used to explain several intriguing properties of the
hippocampal formation. These are the reassuring soft considerations that
– up to some extent – we shall review below.
3.2. Model of the hippocampal formation
Inspired by the ideas of Attneave and Barlow [5, 9] ICA has been suggested
to take place in the hippocampal formation (HF) [68]. The idea has been
improved and extended over the years [69, 24, 76, 39] and the resulting model
seems powerful enough to predict several intriguing features of this brain
region, e.g., the independence of neuronal firing in certain areas [95], long
and tunable delays in other places of the HF [48] and different functional
roles for different pathways of the loop [58].
The model is flexible enough to incorporate novel findings about certain
properties of the HF, including the peculiar hexagonal grid structure found
in the entorhinal cortex, which is a part of HF (for a review about this
grid structure and its supposed role in spatial navigation and memory see,
e.g., [79]).
But why is HF so important?
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3.3. Declarative memory: The relevance of the hippocampal
formation
The HF is responsible for the formation of declarative memory, which is
about the representations of facts, events or rules. HF seems quite similar in mammals and it is generally considered as the neural correlate of
declarative memory (that is the brain region that carries out the required
computations). Intriguingly, after lesion, remote memories remain mostly
intact but new memories about events that occurred after the lesion can
hardly be formed [104, 102]. In other words, the HF is required for the acquisition (learning or creating representations), but then it carries over the
information to other regions so the information can be kept even without
the HF. It is also relevant that other forms of learning, such as learning
of procedures, or category learning [59] remain intact after hippocampal
lesion.
For the purpose of reinforcement learning, declarative memory is of high
importance. One may doubt if anything can be understood about goaloriented functioning of the brain without understanding the advantages of
and the constraints provided by the hippocampal formation.
3.3.1. Learning in the model hippocampus. Learning to perform ICA
may assume many forms. One variant can be given as
¡
¢T
∆W(t + 1)T ∝ W(t)T (I − b
e(t) f b
e(t) )

(9)

where f (·) is a component-wise nonlinear function with many suitable forms,
b
e(t) = W(t)x(t) and x(t) are the estimation of sources e(t) and the input,
respectively, at time t, and matrix W is the so called separation matrix
belonging to the hidden mixing process x(t) = A(t)e(t) so that WA approximates the identity matrix upon tuning.
The intriguing feature of this learning rule is that if we write it as
(10)

¡
¢T
∆W(t + 1)T ∝ W(t)T (I − W(t)x(t) f W(t)x(t) )

then its self-organizing nature becomes apparent. In this case, matrix W(t)
learns to separate. By contrast, in (9), the learning rule looks like supervised
learning, because learning is driven by the output. This double option is
exploited in the recent version of the model of the hippocampal formation
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[72]. This double option is relevant for our model, it tells that symbol
learning and symbol grounding are not incompatible with each other.
More details on the learning rule and about the way it fits the sophisticated hippocampal formation can be found in [75] and [72], respectively.
It is also shown in [72] via numerical simulations that the model is capable of explaining the peculiar hexagonal grid formation in the hippocampal
formation. These are reassuring soft details for us.
However, the precision of the hexagonal grid provided by the model
is not satisfactory for conjunctive (position, direction, and velocity dependent) representations and it seems hard to achieve the required precision
without some internal motion related gauge for general input types. In addition, the brain somehow separates the motion related information: pieces
of information, which are invariant to straight motion and pieces of information, which show rotation invariance, are encoded in different areas; these
factors are physically separated. This grouping seems impossible without
action-related labeling that in turn leads to another source of combinatorial
explosion: the simple concepts of rotation and forward motion hide complex and highly variable action combinations. It is unclear if labeling in
action space is possible at all. Fortunately, we can proceed, because there
exist a different solution. This solution is based on robust controllers and
it transforms the problem to much smaller dimensional spaces.

4. Robust Control, Event Learning and Factored RL

In this section, our inverse dynamics based robust controller is considered
first. The attractive property of this controller is that it reduces continuous
valued action variables to action indices – the same concept that we emphasized in the context of sparse representations – while maintaining the
continuity. Then, we rephrase Markov decision problems in the event-based
formalism that suits our robust controller. We will still face combinatorial
explosion in the number of variables. This explosion can be eased by factored description. Even then, there is a combinatorially large number of
equations to be solved in the emerging factored RL model. We will take
advantage of sampling methods to get over this type of explosion. The
sketched route aims to diminish combinatorial explosion at each step. It is
relevant from the computational point of view, but are in fact, unavoidable
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tasks in our modeling efforts. This is so, because combinatorial explosion
would eliminate the chance to learn the model of an orderly world with
a large number of distinct objects that we can manipulate. We will also
provide some reassuring information from neuroscience and cognition.

4.1. Robust inverse dynamic controller with global stability
properties
One can plan and execute different actions like standing or walking. Does it
mean that we have conscious access to the real actuators, i.e., the muscles?
We can launch the actions, but may have a hard time explaining what
happened in terms of the muscles. The exact description of the kinematics
would also be hard. Furthermore, standing up, walking or sitting are just
too complex to be seen as simple optimized, but reflex like reactions evoked
by the inputs, although this is the view suggested by RL (but see [30] for
a different view). Because of this, there seems to be a conflict between
the higher order concept of ‘actions’ in RL and low level description of the
actuators.
In this subsection we review a particular controller for continuous dynamical systems, the so called static and dynamic state (SDS) feedback
controller [109, 110], which is a promising tool and may resolve this conflict.
The SDS control scheme gives a solution to the control problem called
speed field tracking 3 in continuous dynamical systems [50, 38, 111]. The
problem is the following. Assume that the state space of a plant to be
controlled X ∈ RN , its tangent space Ẋ ∈ RN , and a speed field ẋd : X → Ẋ
are given. At time t, the system is in state xt ∈ X, and the dynamics,
including the control actions change the state:
ẋt = B(xt , at )
where ẋt ∈ Ẋ is the actual velocity of the plant, the change of state over
unit time, and at denotes the control. We have freedom in choosing the
control action and we are looking for the action that modifies the actual
velocity ẋt to the desired speed ẋd (xt ). The obvious solution is to apply an
3

The term, ‘velocity field tracking’, may represent the underlying objective of speed
field tracking better. We shall use the two terms interchangeably.
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inverse dynamics, i.e., to apply the control signal in state xt which drives
the system into ẋd (xt ) with maximum probability:
¡
¢
¡
¢
(11)
at xt , ẋdt = Φ xt , ẋdt ,
that is

³
¢´
¡
ẋdt = B xt , Φ xt , ẋdt ,

d
d
where for the sake of convenience,
¡ wed ¢used the shorthand ẋt = ẋ (xt ). Of
course, the inverse dynamics Φ xt , ẋt has to be determined some way, for
example by exploring the state space and the effect of the actions first.

The SDS controller provides an approximate solution such that the
tracking error, i.e., kẋd (xt ) − ẋt k is bounded, and this bound can be made
arbitrarily small. The global stability property is attractive and the small
upper bound on the error will enable us to include the controller to the
framework of event learning.
Studies on SDS showed that it is robust, i.e., capable of solving the
speed-field tracking problem with a bounded, prescribed tracking error
[38, 110]. Moreover, it has been shown to be robust also against perturbation
of the dynamics of the system and discretization of the state space [116].
The SDS controller fits real physical problems well, where the variance of
the velocity field ẋd (x) is moderate.
b which
The SDS controller applies an approximate inverse dynamics Φ,
is then corrected by a feedback term. The output of the SDS controller is
(12)

¡

at xt , ẋdt

¢

¡
¢
b xt , ẋd − Φ(x
b t , ẋt ) + Λ
=Φ
t

Z

t

τ =0

δ τ dτ,

where
(13)

¡
¢
b xτ , ẋd − Φ(x
b τ , ẋτ )
δτ = Φ
τ

is the correction term, and Λ > 0 is the gain of the feedback. It was shown
that under appropriate conditions, the eventual tracking error of the controller is bounded by O(1/Λ). The assumptions on the approximate inverse
dynamics are quite mild: only ‘sign-properness’ is required [109, 110]. Signproperness imposes conditions on the sign but not on the magnitude of the
components of the output of the approximate inverse dynamics. If we double the control variables, so that we separate the different signs into different
actions (like pulling or pushing) then the SDS controller requires only the
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labels of the control variables and will execute the action. That is, the
problem of continuity of the action space disappears.
Generally, such an approximate inverse dynamics is easy to construct
either by explicit formulae or by observing the dynamics of system during
learning.
The above described controller cannot be applied directly to event learning, because continuous time and state descriptions are used. Therefore we
have to discretize the state space. Furthermore, we assume that the dynamics of the system is such that for sufficiently small time steps all conditions of
the SDS controller are satisfied.4 Note that if time is discrete, then instead
of prescribing the desired speed ẋdt we can prescribe the desired successor
yd −x

state ytd and use the difference ẋdt ≈ t∆t t . Because of sign-properness, we
may neglect the multiplier ∆t [110, 116]. Therefore the controller takes the
form
t
X
¢
¡
¢
¡
b xt , yd − xt + Λ
δ τ · ∆t,
at xt , ytd = Φ
t
τ =0

where

¢
¡
b τ , yτ − xτ ),
b xτ , yd − xτ − Φ(x
δτ = Φ
τ

and ∆t denotes the size of the time steps. Note that xτ and yτ (therefore δ τ )
change at discretization boundaries only. Therefore, event-learning with the
SDS controller has relaxed conditions on update rates.
4.2. Inverse dynamics for robots
First, we review the properties of the SDS controller. Then we argue about
the ease of learning.
The SDS controller requires a description of the state. This description,
however, depends on the order of the dynamics of the plant under control.
So, for Newtonian dynamics in general, we need both the configuration and
how it is changing as a function of time. This description can be complex
for many-segment systems. On the other hand, in typical situations we need
to move the end effector to a given target point. This could be much less
demanding, because the speed-field description for the end effector is easy,
4

Justification of this assumption requires techniques of ordinary differential equations
and is omitted here. See also [10].

20

A. Lőrincz

e.g., under visual guidance. The SDS controller is especially simple in this
respect; it does not need the speed of the end effector for stable control as
we describe it below.
In what follows, the time index is dropped to ease notations. Assume
that the plant is a multi-segment arm. The configuration of this plant is
determined by the angle vector θ ∈ Rn that represents the angles between
the n joints. Assume further that the external space is a 3 dimensional space
where the end effector is at position z ∈ R3 determined by the angle vectors
of the joints, i.e., z = z(θ). The temporal behavior of the end effector can be
expressed by the time dependence of the angle vector. In case of Newtonian
dynamics, the end effector can be characterized by its position z and by its
momentum ż = ż(θ, θ̇), a function of both θ and θ̇. The acceleration of the
end effector z̈ depends on θ, θ̇, and θ̈, i.e., z̈ = z̈(θ, θ̇, θ̈). This acceleration
is needed to describe the dynamics. As an example, we take the case when
we have a desired position zd in the 3 dimensional space. The state of the
plant can be written at time t as q = [z; ż], the vector concatenated from
z and ż, the speed or velocity of the state is q̇ = [ż; z̈]. The SDS controller
allows one to define the desired speed field in any state q for the desired
angle vector zd and in the absence of further prescriptions it is as follows:
¡ ¢
¡
¢
q̇d q = [(zd − z); (zd − z) − ż ].
b
Thus, the approximate inverse dynamics Φ(q,
q̇d ) can be written as
¡
¢
b
b z, ż, (żd − ż)
Φ(q,
q̇d ) = Ψ
Furthermore, for real robots subject to SDS control one replace the approxb
imate inverse dynamics Ψ(.)
with the ‘simplified inverse-dynamics’:
¡
¢
¡
¢
b z, 0, z̈
b 0 z, z̈ = Ψ
Ψ
because – as it can be shown easily for plants with masses [110] – (a) setting
ż = 0 corresponds to an additive term, the transformation of state q
provided that the mass of the robot is independent of ż, which should be
a good approximation and (b) such additive terms can be neglected in the
SDS scheme as they cancel in the correcting term (13). This property
further simplifies the application of the inverse dynamics. Simulations on
controlling the end-effector have shown (i) robustness, (ii) that little if any
knowledge is necessary about the details of the configuration (except the
fact if a certain target point is reachable or not), (iii) that little if any
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knowledge is needed about the mass of the robotic arm, provided that the
gain is high enough and the noise level is low [70].
4.2.1. Inverse dynamics is easy to learn. As it has been noted before,
the SDS approach to control requires little if any knowledge about the
configuration. If a particular action is feasible then it will be executed
robustly via speed-field tracking even if the inverse dynamics is crude. The
corresponding theorem [109, 110] says that ‘sign properness’ is satisfactory:
all actuators should move the end effector towards the target. As mentioned
above, if we double the control variables and separate the different signs
into different actions then SDS controller works by means of the labels of
the actions. It is then a black box, which executes the task prescribed by
speed field tracking. However, the applied control values, the state and the
experienced speed, i.e., the low-level sensory information, should be made
available for the black box.
4.2.2. Inverse dynamics can avoid combinatorial explosion. There
are other advantages of speed field tracking based controller using the inverse dynamics. The controller can work by using the parameters of the
external space [70]. External space – for the first sight – is 3 dimensional, a
considerable advantage over configuration space. However, we can do better
if we take a look at neurobiology.
The brain creates low dimensional maps of many kinds. Concerning the
limbs, it also creates crude maps that surround the limb: many neurons in
the premotor cortex respond to visual stimuli. The visual receptive fields
of many of these neurons are not changing if the eye moves, so they do
not depend on the retinotopical position. Instead they are arm or hand
centered; they move together with the arm or hand movements [43]. In our
interpretation (see also e.g., [11]) visual information enters as eye-centered
information and then it is transformed from the high dimensional pixel
description to a two-dimensional representation that surrounds the arm and
this representation can be used directly to move any part of the arm, because
this and the visual information together ‘tell’ both the position and the
direction, the two prerequisites for inverse dynamics [70]: From the point
of view of speed-field tracking, this is a crudely discretized two dimensional
manifold serving a large number of ‘end’-effectors, namely, all portions of
the limb.
In the next section, we insert this robust controller into RL.
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4.3. Markov Decision Processes
An MDP is characterized by a sixtuple (X, A, R, P, xs , γ), where X is a finite
set of states;5 A is a finite set of possible actions; R : X × A → R is the
reward function of the agent, so that R(x, a) is the reward of the agent after
choosing action a in state x; P : X×A×X → [0, 1] is the transition function
so that P (y | x, a) is the probability that the agent arrives at state y, given
that she started from x and executed action a; xs ∈ X is the starting state
of the agent; and finally, γ ∈ [0, 1) is the discount rate on future rewards.
A policy of the agent is a mapping π : X × A → [0, 1] so that π(a | x)
tells the probability that the agent chooses action a in state x. For any
x0 ∈ X, the policy of the agent and the parameters of the MDP determine
a stochastic process experienced by the agent through the instantiation
x0 , a0 , r0 , x1 , a1 , r1 , . . . , xt , at , rt , . . .
The goal is to find a policy that maximizes the expected value of the
discounted total reward. Let the value function of policy π be
(14)

π

V (x) := E

µX
∞

¶
¯
¯
γ rt ¯ x = x0
t

t=0

and let the optimal value function be
V ∗ (x) := max V π (x)
π

for each x ∈ X. If V ∗ is known, it is easy to find an optimal policy π ∗ ,
∗
for which V π ≡ V ∗ . Provided that history does not modify transition
probability distribution P (y|x, a) at any time instant, value functions satisfy
the famous Bellman equations
X X
¡
¢
(15)
V π (x) =
π(a | x)P (y | x, a) R(x, a) + γV π (y)
a

y

and
(16)

V ∗ (x) = max
a

X

¡
¢
P (y | x, a) R(x, a) + γV ∗ (y) .

y

5
Later on, a more general definition will be given for the state of the system: the state
will be a vector of state variables in the fMDP description. For that reason, the boldface
vector notation is used here already.
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Most algorithms that solve MDPs build upon some version of the Bellman
equations.
4.4. ε-Markov Decision Processes
An important observation in RL is that near-optimal policies can be found in
varying environments, where states and actions may vary up to some extent.
This is the so called ε-MDP model family first introduced in [55] and later
elaborated in [116]. Then we can use tabulated systems if the controller
can execute the actions with ε precision. This precision can be achieved,
e.g., by our SDS controller that executes speed-field tracking. Thus, we
will be ready with the insertion of the robust controller into RL if we can
transcribe the traditional state–action formulation of RL into state–desired
state description.
4.5. Formal description of event learning
Similarly to most other RL algorithms, the event-learning algorithm also
uses a value function, the event-value function E : X × X → R. Pairs of
states (x, y) and (x, yd ) are called events and desired events, respectively.
For a given initial state x, let us denote the desired next state by yd . The
ed = (x, yd ) state sequence is the desired event, or subtask. E π (x, yd ) is the
value of trying to get from actual state x to next desired state yd and then
upon arriving to the next state y, which could be different from the desired
state yd and then following policy π afterwards:
X
¡
¢
(17)
E π (x, yd ) =
P (y | x, yd ) R(x, yd ) + γV π (y)
y

One of the advantages of this formulation is that one may – but does not
have to – specify the transition time: Realizing the subtask may take more
than one step for the controller, which is working in the background.
The value of E π (x, yd ) may be different from the expected discounted
total reward of eventually getting from x to yd . We use the former definition, since we want to use the event-value function for finding an optimal
successor state. To this end, the event-selection policy π E : X × X → [0, 1]
is introduced. π E (yd | x) gives the probability of selecting desired state yd
in state x. However, the system usually cannot be controlled by “wishes”
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(desired new states), decisions have to be expressed in actions. This is done
by the action-selection policy (or controller policy) π A : X × X × A → [0, 1],
where π A (a | x, yd ) gives the probability that the agent selects action a to
realize the transition x → yd .6
An important property of event learning is the following: only the
event-selection policy is learned (through the event-value function) and the
learning problem of the controller’s policy is separated from event learning.
From the viewpoint of event learning, the controller’s policy is part of the
environment, just like the transition probabilities.
Alike to (14), let the state value function of policies π E and π A be
π E ,π A

V

(x) := E

µX
∞

¶
¯
¯
γ rt ¯ x = x0 .
t

t=0

The event-value function corresponding to a given action selection policy
can be expressed by the state value function:
Eπ

E ,π A

¡

¢ X A¡
¢X
¡
¢
E A
x, yd =
π a | x, yd
P (y | x, a) R(x, y) + γV π ,π (y) ,
a

y

and conversely:
Vπ

E ,π A

(x) =

X

¡
¢ E A
π E yd | x E π ,π (x, yd ).

yd

From the last two equations the recursive formula
(18)

Eπ

E ,π A

¡

¢ X A¡
¢X
x, yd =
π a | x, yd
P (y | x, a)
a

y

µ
¶
X ¡
¢ πE ,πA ¡
¢
E
d
d
× R(x, y) + γ
π z |y E
y, z
zd

can be derived. For further details on the algorithm, see [116].
6
Control vectors will enter the description later and the notation is changed accordingly. In what follows, actions can be taken from a discrete set, but may be modified by
the robust controller and may take continuous values, ineffective for the RL description.
In the RL formalism, we thus keep the summation over the actions.
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4.5.1. Robust controller in event learning. Our robust controller can
be directly inserted into event-learning by setting
(19)

πtA

¡

a|

xt , ytd

¢

(
=

¡
¢
1 if a = at xt , ytd ,
0 otherwise,

¡
¢
where at xt , ytd denotes the action that represents the actual combination
of labels determined by the SDS controller. Note that the action space is
still infinite.
P ¯
Corollary 1 [116]. Assume that the environment is such that y ¯ P (y |
¯
x, a1 )−P (y | x, a2 )¯ ≤ Kka1 −a2 k for all x, y, a1 , a2 .7 Let ε be a prescribed
number. For sufficiently large Λ and sufficiently small time steps, the SDS
controller described in (19) and the environment form an ε-MDP.
Consequently, the theorem on the near-optimality of the value function
detailed in [116] applies.
In what follows, we shall use the traditional state and action description
for the MDP tasks. It is worth noting that all considerations can be
transferred without any restriction to the state an desired state description,
i.e., to the event-learning formalism.
4.5.2. Exact Value Iteration. Consider an MDP (X, A, P, R, xs , γ). The
value iteration for MDPs uses the Bellman equations (15) and (16) as an
iterative assignment: It starts with an arbitrary value function V0 : X → R,
and in iteration t it performs the update
(20)

Vt+1 (x) := max
a

X

¡
¢
P (y | x, a) R(x, a) + γVt (y)

y∈X

for all x ∈ X. For the sake of better readability, we shall introduce vector
notation. Let N := |X|, and suppose that states are integers from 1 to
N , i.e. X = {1, 2, . . . , N }. Clearly, value functions are equivalent to N dimensional vectors of reals, which may be indexed with states. The vector
corresponding to V will be denoted as v and the value of state x by vx .
We shall use the two notations interchangeably. Similarly, for each a let us
define the N -dimensional column vector ra with entries rax = R(x, a) and
7

Note that the condition on P (x, ., y) is a kind of Lipschitz-continuity.
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a = P (y | x, a). With these notations,
N × N matrix P a with entries Px,y
(20) can be written compactly as
¡
¢
(21)
vt+1 := max ra + γP a vt .
a∈A

Here, max denotes the componentwise maximum operator.
It is also convenient to introduce the Bellman operator T : RN → RN
that maps value functions to value functions as
¡
¢
T v := max ra + γP a v .
a∈A

As it is well known, T is a max-norm contraction with contraction factor
γ: for any v, u ∈ RN ,
kT v − T uk∞ ≤ γkv − uk∞ .
Consequently, by Banach’s fixed point theorem, exact value iteration (which
can be expressed compactly as vt+1 := T vt ) converges to a unique solution v∗ from any initial vector v0 , and the solution v∗ satisfies the Bellman equations (16). Furthermore, for any required precision ε¡ > 0, t ≥
¢
log ε
∗
∗
2
log γ kv0 − v k∞ implies kvt − v k∞ ≤ ε. One iteration costs O N · |A|
computation steps.
4.5.3. Approximate value iteration. In this section approximate value
iteration (AVI) with linear function approximation (LFA) in ordinary MDPs
is reviewed. The results of this section hold for AVI in general, but if we can
perform all operations effectively on compact representations (i.e. execution
time is polynomially bounded in the number of variables instead of the
number of states), then the method can be directly applied to the domain
of factorized Markovian decision problems, underlining the importance of
the following considerations [114].
Suppose that we wish to express the¡ value function as the linear combina¢
tion of K basis functions hk : X → R X = {1, 2, . . . , N }, k ∈ {1, . . . , K} ,
where K ¿ N . Let H be the N × K matrix with entries Hx,k = hk (x). Let
wt ∈ RK denote the weight vector of the basis functions at step t. One can
substitute vt = Hwt into the r.h.s. of (21), but cannot do the same on the
l.h.s. of the assignment: in general, the r.h.s. is not contained in the image
space of H, so there is no such wt+1 that
¡
¢
Hwt+1 = max ra + γP a Hwt .
a∈A
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Iteration can be put into work by projecting the r.h.s. into w-space: let
G : RN → RK be a (possibly non-linear) mapping, and consider the iteration
¡
¢
wt+1 := G [ max ra + γP a Hwt ]

(22)

a∈A

with an arbitrary starting vector w0 .
Lemma 1 [114]. If G is such that HG is a non-expansion, i.e., for any
v, v0 ∈ RN ,
kHG v − HG v0 k∞ ≤ kv − v0 k∞ ,
then there exists a w∗ ∈ RK such that
¡
¢
w∗ = G [ max ra + γP a Hw∗ ]
a∈A

and iteration (22) converges to w∗ from any starting point.
Note that if G is a linear mapping with matrix G ∈ RK×N , then the
assumption of the lemma is equivalent to kHGk∞ ≤ 1 [114].
4.5.4. Convergent projection. In this section, one of the possibilities for
projection G is reviewed. For other possibilities and for the comparisons
between them, see [114].
Let v ∈ RN be an arbitrary vector, and let w = G v be its G -projection.
For linear operators, G can be represented in matrix form and we shall
denote it by G.
Normalized linear mapping: Let G be an arbitrary K ×N matrix, and define
its normalization N (G) as a matrix with the same dimensions and entries
£

N (G)

¤
i,j

:=

(

P

Gi,j
,
P
j 0 |Hi,j 0 |)(
i0 |Gi0 ,j |)

that is, N (G) is obtained from G by dividing each element with the corresponding row sum of H and the corresponding column sum of G. All (absolute) row sums of H ·N (G) are equal to 1. Therefore, (i) kH · N (G)k∞ = 1,
and (ii) H ·N (G) is maximal in the sense that if the absolute value of any element of N (G) increased, then for the resulting matrix G0 , kH · G0 k∞ > 1.
Furthermore, this linear projection is convergent:
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Lemma 2 [114]. Let v∗ be the optimal value function and w∗ be the fixed
point of the approximate value iteration (22). Then
kHw∗ − v∗ k∞ ≤

1
kHG v∗ − v∗ k∞ .
1−γ

According to the lemma, the error bound is proportional to the projection error of v∗ . Therefore, if v∗ can be represented in the space of basis
functions with small error, then this AVI algorithm gets close to the optimum. Furthermore, the lemma can be used to check a posteriori how good
the basis functions are. One may improve the set of basis functions iteratively. Similar arguments have been brought up by Guestrin et al. [45], in
association with their LP-based solution.
4.6. Factored value iteration
MDPs are attractive because solution time is polynomial in the number of
states. Consider, however, a sequential decision problem with m variables.
In general, one needs an exponentially large state space to model it as an
MDP. So, the number of states is exponential in the size of the description of
the task. Factored Markov decision processes may avoid this trap because
of their more compact task representation.
The exact solution of factored MDPs is infeasible. The idea of representing a large MDP using a factored model was first proposed by Koller
and Parr [61], but similar ideas appear already in [13, 14]. More recently,
the framework (and some of the algorithms) was extended to fMDPs with
hybrid continuous-discrete variables [62] and factored partially observable
MDPs [98]. Furthermore, the framework has also been applied to structured
MDPs with alternative representations, e.g., relational MDPs [44] and firstorder MDPs [100].
4.6.1. Factored Markov decision processes. Assume that X is the
Cartesian product of m smaller state spaces (corresponding to individual
variables):
X = X1 × X2 × . . . × Xm .
For the sake of notational convenience assume further that each Xi has the
same size, |X1 | = |X2 | = . . . = |Xm | = n. With this notation, the size of
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the full state space is N = |X| = nm . It is worth noting that all previous
derivations and proofs carry through to different size variable spaces.
A naive, tabular representation of the transition probabilities would
require exponentially large space (that is, exponential in the number of
variables m). However, the next-step value of a state variable often depends
only on a few other variables, so the full transition probability can be
obtained as the product of several simpler factors. For a formal description,
let us introduce a few notations:
For any subset of variable indices Z ⊆ {1, 2, . . . , m}, let X[Z] := × Xi ,
i∈Z

furthermore, for any x ∈ X, let x[Z] denote the value of the variables with
indices in Z. We may also use the notation x[Z] without specifying a full
vector of values x. In such cases x[Z] denotes
£ ¤an element in X[Z]. For
single-element sets Z = {i} the shorthand x {i} = x[i] is appropriate.
A function f is a local-scope function if it is defined over a subspace
X[Z] of the state space, where Z is a (presumably small) index set. The
local-scope¡ function
f can be extended trivially to the whole state space by
¢
f (x) := f x[Z] . If |Z| is small, local-scope functions can be represented
efficiently, as they can take only n|Z| different values.
Suppose that for each variable i there exist neighborhood sets Γi such
that the value of xt+1 [i] depends only on xt [Γi ] and the action at taken.
Then transition probabilities assume the following factored form
(23)

P (y | x, a) =

n
Y

¡
¢
Pi y[i] | x[Γi ], a

i=1

for each x, y ∈ X, a ∈ A, where each factor is a local-scope function
(24)

Pi : X[Γi ] × A × Xi → [0, 1]

(for all i ∈ {1, . . . , m}).

We will also suppose that the reward function is the sum of J local-scope
functions:
(25)

R(x, a) =

J
X

¡
¢
Rj x[Zj ], a ,

j=1

with arbitrary (but preferably small) index sets Zj , and local-scope functions
(26)

Rj : X[Zj ] × A → R

¡

¢
for all j ∈ {1, . . . , J} .
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To sum up,
¡ a factored Markov decision process is characterized by the parameters {X
¢ i : 1 ≤ i ≤ m}; A; {Rj : 1 ≤ j ≤ J}; {Γi : 1 ≤ i ≤ n}; {Pi : 1 ≤
i ≤ n}; xs ; γ , where xs denotes the initial state.
Functions Pi and Ri are usually represented either as tables or dynamic
Bayesian networks. If the maximum size of the appearing local scopes
is bounded by some constant, then the description length of an fMDP is
polynomial in the number of variables n.
The optimal value function is an N = nm -dimensional vector. To represent it efficiently, one should rewrite it as the sum of local-scope functions
with small domains. Unfortunately, in the general case, no such factored
form exists [45].
However, one can still approximate V ∗ with such expressions: let K be
the desired number of basis functions and for each k ∈ {1, . . . , K}, let Zk
be the domain set of the local-scope basis function hk : X[Zk ] → R. We are
looking for a value function of the form

(27)

Ṽ (x) =

K
X

¡
¢
wk · hk x[Ck ] .

k=1

The quality of the approximation depends on two factors: the choice of the
basis functions and the approximation algorithm. For given basis functions,
one can apply a number of algorithms to determine the weights wk .
4.6.2. Exploiting factored structure in value iteration. For fMDPs,
one can substitute the factored form of the transition probabilities (23),
rewards (25) and the factored approximation of the value function (27) into
the AVI formula (22), which yields
K
X

hk

¡

X
¢
x[Ck ] · wk,t+1 ≈ max
a

k=1

·

y∈X

µX
J
j=1

µY
m

¡

Pi y[i] | x[Γi ], a

¢

¶

i=1

¶
K
X
¡
¢
¡
¢
Rj x[Zj ], a + γ
hk0 y[Ck0 ] · wk0 ,t .
k0 =1
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By rearranging operations and exploiting that all occurring functions have
a local scope, one gets
" J
K
X ¡
X
¡
¢
¢
(28)
Rj x[Zj ], a
hk x[Ck ] · wk,t+1 = Gk max
a

k=1

+γ

K
X

X

µ Y

k0 =1 y[Ck0 ]∈X[Ck0 ]

j=1

#
¶
¡
¢
Pi y[i] | x[Γi ], a hk0 y[Ck0 ] · wk0 ,t
¡

¢

i∈Ck0

for all x ∈ X. This update rule has a more compact form in vector notation.
Let
wt := (w1,t , w2,t , . . . , wK,t ) ∈ RK ,
let H be an |X| × K matrix containing the values of the basis functions and
let us index the rows of matrix H by the elements of X:
¡
¢
Hx,k := hk x[Ck ] .
Further, for each a ∈ A, let C a be the |X| × K value backprojection matrix
defined as
¶
µY
X
¡
¢
¡
¢
a
Pi y[i] | x[Γi ], a hk y[Zk ]
Cx,k :=
y[Zk ]∈X[Zk ]

i∈Zk

and for each a, define the reward vector ra ∈ R|X| by
rax

:=

nr
X

¡
¢
Rj x[Zj ], a .

j=1

Using these notations, (28) can be rewritten as
¡
¢
(29)
wt+1 := G max ra + γC a wt .
a∈A

Now, all entries of C, H and r are composed of local-scope functions,
so any of their individual elements can be computed efficiently. This means
that the time required for the computation is exponential in the sizes of
function scopes, but only polynomial in the number of variables, making
the approach attractive. Unfortunately, the matrices are still exponentially
large, as there are exponentially many equations in (28). One can overcome
this difficulty by sampling.
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4.7. The sampling advantage
b ⊆ X of the original state space so that
Let us select a random subset X
b
|X| = poly(m), consequently, solution time will scale polynomially with m.
On the other hand, a sufficiently large subset should be selected so that
the remaining system of equations is still over-determined. For the sake of
notational simplicity, assume that the projection operator G is linear with
b be
matrix G. Let the sub-matrices of G, H, C a and ra corresponding to X
a
a
b
b
b
denoted by G, H, C and b
r , respectively. Then the following value update
¡ a
¢
b · max b
b a wt
wt+1 := G
r + γC

(30)

a∈A

can be performed effectively, because these matrices have polynomial size.
It can be shown that the solution from sampled data is close to the true
solution with high probability. The proof is closely related to the method
presented in [34, 35] with the important exception the infinity-norm and
not the L2 -norm is needed here. For the details of the proof, see [114].
There are attractive properties of factored RL and there are reassuring
experimental findings from the point of view of neuroscience.
1. State space does not grow exponentially with the number of variables
in factored RL. Sampling methods overcome the problem that the
number of equations may scale with the number of variables in the
exponent.
2. Neuroscience indicates that different components for RL and different
forms of RL are exploited in the brain [101, 81, 118, 27, 60, 63, 29],
including
(a) prediction of immediate reward,
(b) state value estimation,
(c) state action value estimation,
(d) estimations of the values of desired states,
(e) temporal difference learning,
and so on.
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4.8. The symbol learning problem: Core of the learning task
We have seen that once factors – as defined earlier – are given, then several sources of combinatorial explosion can be ignored in the factored RL
framework. However, for a general learning system, these factors should be
found or extracted without prior knowledge.
This issue is closely related to the so-called ‘symbol grounding problem’ [47] of cognitive philosophy. According to the symbolic model of the
mind [37, 92] we have an ‘autonomous’ symbolic level. In our wording it
means that the factors are given to us. The problem is to connect these symbols to sensory information, that is to ground them to the physical world,
which is a long-standing and enigmatic problem in cognitive science.
Our factored RL model shares one particular property with the symbolic
model of mind: states are described in very few bits (symbols), but in the
background there is a huge number of other variables that the factored RL
model neglects. Symbol manipulation (∼‘action’) in our case means that a
few bit information can be dealt with even if a large part of the available
information carried by the neglected variables is omitted. We suggest that
although the symbol-grounding problem may have its own merits and may
be important in supervised training scenarios, but the core of the learning
problem is not the grounding of the symbols, but the forming and learning
of the symbols, i.e., the distillation of the few bit descriptors. If this ‘symbol
learning problem’ is feasible, i.e., if this task can be solved in polynomial
time, then we can close the loop, because the other components of the
learning problem, such as the separation of independent groups of factors
and the optimization of factored RL have polynomial time solutions and
combinatorial explosion may vanish.
One might worry about the very existence of the symbols, or about
the existence of constructive polynomial time algorithms yielding these
symbols. The fact that our brain seems to have such symbols and we
can learn to manipulate them does not provide further cues about the two
candidates, i.e., symbol grounding and symbol learning. Below, we provide
an information theoretic direction aiming to formulate the symbol learning
problem.
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4.9. Information theoretic direction for the symbol learning problem
In this paper, we have argued that both representation and goal-oriented
behavior can be reduced to bits and tables, respectively. For example,
the cross-entropy method used for the optimization of L0 norm provides
the indices of the sparse components and the continuous values of the
actual components is then determined. In addition, the robust controller
can put to work by using labels; the indices of the actuators are sufficient
for robust control. Factored RL can take advantage of these sparse and
discrete transformations, provided that a few bits – that we call symbols –
are satisfactory for the description of the state.
Let us see an example. Consider the symbol ‘chair’. Many properties
of any instantiations are neglected by this symbol. For example, the chair
could be an armchair, or it could be the moon, like in the trademark of
DreamWorks, or clouds are appropriate chairs for cherubs. Symbol ‘chair’ is
a ‘low-entropy’ variable, but it gives no hint about the actual manifestation.
The actual manifestation, on the other hand, is a ‘high entropy’ variable.
All materializations of symbol chair share a few common characteristics,
e.g., we can sit onto the chair or we can stand up from the chair. Note
that neither of these are ‘actions’ in the sense that they provide little if
any information about the usage of the actuators. Instead, they can be
characterized as desired events with certain probabilities that we can make
these events happen. These desired events are also ‘low-entropy’ variables,
because many of the details of the events are again neglected. From the
point of view of RL, we are interested in the following two questions:
1. Is there any partitioning of the observations such that the transition
probabilities between the low-entropy variables are good approximations of the transition probabilities between the high-entropy manifestations? In other words, can we claim that there are symbols, which
are useful for reinforcement learning?
2. If such symbols exist then can we find them, or are they inherited?
For the sake of argument, assume that the answer to the first question is
affirmative, so the second question is relevant. If we happen to inherit the
symbols then it seems wise to focus on the symbol grounding problem and
to search for the underlying genetical structure. Having found it, we might
be able to copy the method and develop more efficient machines, or prewire
higher level symbols into the brain. On the other hand, if we learn the
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symbols through experiences, then the symbol grounding problem vanishes.
Furthermore, we should look for the algorithm, which is so successful and
efficient already at infancy that we do not even notice when it is at work.
Recent advances that extend extreme graph theory to the information
theoretic domain use the above terms [117] and may fill in the gap by
providing rigorous formulation to the conditions of the ‘symbol learning
problem’ for the hardest case, the case of extreme graphs.8 If this can be
done and if a given environment satisfies the related conditions, then symbol
learning may be accomplished in polynomial time in that environment,
because constructive polynomial time algorithms do exist for such problem
types [4, 40, 41].
It is important to note that symbol grounding and symbol learning are
not incompatible with each other. Furthermore, in some cases these learning methods can rely on each other. Take communication as an example:
symbols of communicating agents should be matched in two ways: (i) the
symbols they learned should be matched against each other and (ii) the signals the agents use should refer to the matched symbols. The combination
of the reconstruction network and the cross entropy method seems efficient
in solving such tasks, including the case that the observations of the agents
may originally differ [46]. Because the interlaced nature of symbol learning
and symbol grounding could be crucial for the understanding of the emergence of language, it is relevant whether our concepts enable both learning
methods. The model is promising in this respect: learning rule (10) shows
bottom-up learning that works in a self-organizing manner, whereas the
same rule admits supervisory top-down training, which is made apparent
by the form of (9).

5. Summary
It seems that the core problem of learning concerns symbols. One should
either learn symbols or should ground the symbols if those are inherited.
Here, symbols are low entropy variables and represent high entropy instantiations. The main concern is if there are low entropy variables such that
the transition probabilities between the low entropy variables determine
the transition probabilities between the high entropy manifestations or not
8

For extreme graphs, the number of edges is proportional to the square of the number
of the vertices, which is not typical in nature.
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and whether the low entropy variables can be found in polynomial time or
not. Recent advances in extreme graph theory [117] and related constructive polynomial time algorithms [4, 40, 41] might translate to a rigorous
formulation for this problem. If that succeeds, then the conditions for polynomial time algorithms for the symbol learning problem can be established.
We have also argued that both symbol learning and symbol grounding may
have their own merits and that they are compatible with each other.
This issue is relevant from the point of view of learning. If symbols
can be found then the optimization of the desired events in reinforcement
learning becomes possible. Some of the events can be combined and such
low complexity combinations can be very efficient in problem solving [113].
It is also shown in the cited work that low-complexity combinations can be
found by means of the same cross entropy method that we introduced into
our model for the learning of sparse representations [73].
Learning algorithms described in this paper were selected by our soft
constraints, the experimental findings in neuroscience and cognition. The
bonus of the approach is that – in certain cases – there are reasonable
matches between the algorithmic components and some neural substrates
[70, 72, 75, 77].
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A. Lőrincz
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[48] D. A. Henze, L. Wittner and G. Buzsáki, Single granule cells reliably discharge
targets in the hippocampal CA3 network in vivo, Nature Neuroscience, 5 (2002),
790–795.
[49] G. E. Hinton and R. R. Slakhutdnikov, Reducing the dimensionality of data with
neural networks, Science, 313 (2006), 504–507.
[50] Y. K. Hwang and N. Ahuja, Gross motion planning – a survey, ACM Computing
Surveys, 24(3) (1992), 219–291.

40

A. Lőrincz
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[108] Z. Szabó, B. Póczos and A. Lőrincz, Undercomplete blind subspace deconvolution,
Journal of Machine Learning Research, 8 (2007), 1063–1095.
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[115] I. Szita and A. Lőrincz, Online variants of the cross-entropy method,
http://arxiv.org/abs/0801.1988v1, 2008.
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